The infrared behaviour of the running coupling in strong interactions, α S , is of great interest, since it may provide an understanding of confinement. Its study is an intrinsically non-perturbative problem. One suitable framework to address this problem is provided by the Dyson-Schwinger equations of QCD. Using Mandelstam's approximation to the gluon Dyson-Schwinger equation we calculate the gluon self-energy in a renormalisation group invariant fashion. We obtain a non-perturbative β function. The scaling behaviour near the ultraviolet stable fixed point is in good agreement with perturbative QCD. No further fixed point for positive values of the coupling is found, i.e., α S increases without bound in the infrared. The non-perturbative result for an infrared singular quark interaction can be used to relate the string tension σ to the QCD scale Λ.
Introduction.
The knowledge of the infrared behaviour of the running coupling α S (µ 2 ) in QCD is crucial for an understanding of confinement. Should the theory have no further fixed point for α S > 0 then the running coupling increases without bound in the infrared, and confinement might be realised by an absence of the cluster decomposition property in QCD.
Due to the intrinsically non-perturbative nature of the problem, very little is known about the strong coupling α S in the infrared. This is in contrast to its accurate knowledge in the ultraviolet, obtained via the perturbative calculation of the Callan-Symanzik β function. The logarithmic decrease of α S signals asymptotic freedom and is verified experimentally in an impressive manner.
Non-perturbative methods are required to study α S in the infrared. Corresponding Monte Carlo lattice calculations have improved recently, however, they still fail to give accurate results below 1GeV [1] . Surprisingly, experimental input might be used to determine α S (µ 2 ) for low values of the renormalisation scale µ. Assuming quark-hadron duality [2] , for example, the hadronic mass distributions occurring in τ decays allow to extract α S (µ 2 ) in a range down to µ = 0.8GeV. While indicating a much steeper rise than that of the one-loop running coupling, these studies also do not allow to determine the value of α S at the anticipated confinement scale (≈ 200 MeV) [2] .
One important framework for non-perturbative studies of QCD is provided by the infinite tower of its Dyson-Schwinger equations. These studies rely on specific truncation schemes of this tower. In the present paper we focus on an approximation scheme for the gluon Dyson-Schwinger equation in Landau gauge originally proposed by Mandelstam [3] . The corresponding equation will be referred to as Mandelstam's equation in the following. Two distinct approaches to its numerical solution are reported in the literature [4, 5] .
It was already pointed out by Mandelstam that for selfconsistent solutions to exist, certain conditions on the behaviour of the gluon propagator in the infrared have to be met [3] . An existence proof, a discussion of the singularity structure and an asymptotic expansion in the infrared for the solution to Mandelstam's original equation can be found in [4] . Taking care of various violations of gauge invariance in the approximation, one arrives at a slightly different equation [5] . We present an approach to the numerical solution of both equations, which combines methods of ref. [4] and [5] . The general arguments that follow apply to both versions of the equation.
To remove the ultraviolet divergences in the equation for the gluon self-energy, wave-function renormalisation is required, thus introducing an arbitrary scale µ. We demonstrate, how the renormalised equation can be cast in a renormalisation group invariant form. We solve this equation numerically and determine the running coupling from the solution via the renormalisation condition. We obtain a non-perturbative β function and recover the scaling behaviour of perturbative QCD at the ultraviolet fixed point. For positive values of the coupling no further fixed point exists. The running coupling increases without bound in the infrared.
We show that the product of the coupling and gluon propagator, gD µν (k), does not acquire multiplicative renormalisation in the Mandelstam approximation. This allows to identify a physical scale, the string tension, from the infrared singular result for this quantity. Consequently, our non-perturbative and renormalisation group invariant results yield a relation between the string tension and the only parameter in our calculation, the QCD scale Λ. This relation is in reasonable agreement with the respective phenomenological values.
Mandelstam's Approximation.
Besides all elementary two-point functions, i.e., the quark, ghost and gluon propagators, the Dyson-Schwinger equation for the gluon propagator also involves the three-and four-point vertex functions which obey their own DysonSchwinger equations. These equations involve successive higher n-point functions. Typical truncation schemes for this infinite tower rely on neglecting all higher but three-point functions expressing the latter in terms of propagators. This can be done with additional sources of information like the SlavnovTaylor identities, which are entailed by gauge invariance. In the present study we neglect fermions considering a pure Yang-Mills theory, which is believed to reflect characteristic features of QCD. Studies by Brown and Pennington [6] indicate that the inclusion of quarks results in a suppression of the infrared part of the gluon propagator, however, no qualitative changes were observed. In the Mandelstam approximation ghosts are also neglected, because their numerical contribution in a one-loop calculation is small [3, 5] . As a result, one obtains a simplified equation for the inverse gluon propagator in momentum space 1 ,
where D 0 and Γ 0 are the bare gluon propagator and the bare three-gluon vertex, and Γ is the fully dressed vertex (we will use N c = 3 colours). This together with a particularly simple form for the three-gluon vertex is the Mandelstam approximation [3] .
The form for the three-gluon vertex is motivated by its Slavnov-Taylor identity, which neglecting all ghost contributions in the covariant gauge reads:
where p, q and k are incoming momenta and G(k 2 ) is the invariant function of the dressed gluon progagator,
The Slavnov-Taylor identity fixes the longitudinal part of the vertex. It can be derived along the general procedure of ref. [7] . In the simple version of eq.
(2) without ghost contributions the solution is:
and
Assuming that G(q 2 ) is a slowly varying function one may write
While this form for the full three-gluon vertex simplifies equation (1) even more than the use of another bare vertex, Γ = Γ 0 , it is regarded superior to the latter since it accounts for some of the dressing of the vertex as it results from the Slavnov-Taylor identity. With Γ = Γ L from (5) the Dyson-Schwinger equation can now be cast in the simple form
This equation is schematically depicted in fig. 1 . In solving it an additional condition is implemented in the Mandelstam approximation. Eq. (2) and its solution (4, 5) for
While imposing this additional condition seems consistent with the other assumptions in the Mandelstam approximation, it has to be emphasised that concluding (7) as a result of (2) relies on neglecting all ghost contributions in covariant gauges. It has in fact been argued that the masslessness condition for the gluon in form of eq. (7) may not hold in non-Abelian gauge theory [8, 9] . This is an example for the importance, the inclusion of ghosts in the present framework might have. The presence of the ghost propagator and the ghost-gluon kernel in the full version of (2) in the covariant gauge could invalidate the conclusion of (7). Work on a more sophisticated truncation scheme, solving the coupled system of ghost and gluon Dyson-Schwinger equations incorporating the full Slavnov-Taylor identity for the three-gluon vertex is currently in progress [10] .
In a manifestly gauge invariant formulation the Dyson-Schwinger equation for the inverse gluon propagator in the covariant gauge would be transverse without further adjustments. The longitudinal part of the gluon propagator does not acquire dressing and cancels with the one of the bare propagator. This may be violated due to the neglect of ghosts, the violation of SlavnovTaylor identities and also due to a regularisation that does not preserve the residual local invariance, i.e., the invariance under transformations generated by harmonic gauge functions (∂ 2 Λ(x) = 0). The latter is the case for an O(4) invariant Euclidean cutoff Λ, which we will use to regularise eq. (6) . In the present approximation, longitudinal terms can be eliminated by contracting eq. (6) with the transversal projector,
After performing the angular integrations the equation for the gluon renor-
However, the above equation contains a quadratically ultraviolet divergent term. This term violates the masslessness condition (7) and has therefore been dismissed. As observed by Brown and Pennington [6] , in general, quadratic ultraviolet divergences can occur only in the part of the inverse gluon propagator proportional to δ µν . Therefore, that part cannot be unambiguously determined, it depends on the routing of the momenta. This is due to the various violations of gauge invariance mentioned above. The unambiguous term proportional to k µ k ν can be obtained by contracting (6) with
In this case, upon angle integration instead of (9) one obtains [6] 
It is clear that the assumptions made so far are drastic, and it is questionable how much of the original theory survived. However, work on the gluon DysonSchwinger equation beyond Mandelstam's approximation [11, 5] did not yield qualitative differences. Thus, one might hope that at least the essential features are still contained in this approximation. It is nevertheless important for future work to assess the influence of ghosts on the conclusions drawn so far.
Renormalisation.
The logarithmic ultraviolet divergences in equations (9) and (11) can be removed by multiplicative renormalisation. Introducing the renormalised gluon propagator D R and the renormalised coupling g the renormalisation constants Z 3 and Z g are defined by D = Z 3 D R and g 0 = Z g g respectively. From the Dyson-Schwinger equation for the gluon propagator in Mandelstam approximation (6) , renormalised this way, we obtain
Here,
An analogous form follows for Mandelstam's original equation. After the subtraction of the ultraviolet divergences, we use the limit Λ → ∞ for the cutoff Λ implicitly. Confessing that we are dealing with renormalised quantities in the following, we dismiss the subscript R again. Below we will prove the identity Z g Z 3 = 1 for the Mandelstam approximation. Furthermore, we adopt a momentum subtraction scheme requiring the gluon self-energy to vanish at the renormalisation point µ, i.e.,
With this and α S (µ 2 ) = g 2 (µ 2 )/4π eq. (12) reads,
To determine the behaviour of G(k 2 ) for k 2 → 0 we first notice that
(1) for a constant G(k 2 ) the last term in (13) yields an infrared logarithm. Therefore, a solution to (15) can not approach a constant as k 2 → 0. Any constant term in the denominator on the r.h.s. of (15) 
This form yields exclusively terms that violate the condition (7). Such terms have to be subtracted. Since the kernels of all integrals are linear in G, this is achieved by simply subtracting a corresponding contribution from G in the integrands. Thus defining F (k 2 ) by
with some constant b, we further explore Ansätze for F , which is the remainder of G in the integrals.
The infrared behaviour of F follows from the Ansatz
The coefficient C 00 depends on γ and has to vanish for a selfconsistent solution. For eq. (15) as a result of eq. (11) 
An analogous condition was already found by Mandelstam for his original equation [3] . It is interesting to note that the value of γ 0 given here is numerically very close to the one obtained by Mandelstam (γ 0 = 31 6 − 1 ≈ 1.273), even though the coefficients in (11) and in (9) are completely different.
Looking at the corresponding results given in [5] one observes that their infrared leading terms for F (k 2 ) do not obey the constraint (17) for γ 0 . We verified numerically that the expressions given in ref. [5] reproduce themselves under the integral equation in the momentum range given in the corresponding figure in this reference ( fig. 3 in [5] ). However, trying to extend the numerical calculations further to the infrared along the lines of [5] we observed that G(k 2 ) became singular at lower but finite k 2 . Due to this fact an iterative numerical solution proved impossible without constraining the infrared behaviour of G(k 2 ) to that according to the discussion of the solution given above. Therefore, we conclude that while the expressions for G(k 2 ) in [5] with the parameters given there are a numerical approximation to the solution of eq. (15), they do not represent the exact analytic result particularly for
To isolate the infrared singular term b/k 2 we rewrite equation (15) as:
where
As already stated in (i) above, we must impose the constraint A = 0 on a possible solution. In addition, we find that b = 1/B must be met. Furthermore, by introducing dimensionless variables and appropriately scaled gluon selfenergy functionsG andF ,
the equation under consideration can be rendered dimensionless and scaleindependent. From equation (18) we obtain
and the constraint b = 1/B from (20) becomes
With s := µ 2 /λ 2 andα S (s) := α S (µ 2 ) the constraint A = 0, cf. eq. (19), yields
Note that eq. (24) fixes the overall scale of any solution, whereas using eq. (23) to eliminate the integral in (25) we find,
Therefore, (25) shows the constraint A = 0 is equivalent to the gluon renormalisation G(µ 2 ) = 1 (see (22) with
Before we turn to the numerical solution of (23) with the constraint (24), we observe that a solution to this system of equations is a renormalisation group invariant function. The argument for this is as follows: Assume that the product gD µν (k) does not acquire multiplicative renormalisation. This means thatG ∝ gG is a renormalisation group invariant combination. For solutions of the form as given in (18) we conclude that α S /(4π) b =: λ 2 is a renormalisation group invariant of mass dimension two. Therefore, the introduction of the dimensionless variable x = k 2 /λ 2 in (22) does not introduce an implicit dependence on the renormalisation scale µ in the explicitly scale-independent set of equations (23,24). This verifies the assumption, i.e., a solutionG(x) = gG(k 2 )/(4π) of (23,24) is a renormalisation group invariant. For the renormalisation constants this entails that Z g Z 3 = 1 in the Mandelstam approximation. This is to be compared to the Abelian approximation to QCD, in which Z g Z 1/2 3 = 1 or, equivalently, g 2 D µν (k) is a renormalisation group invariant combination (one application of this is ref. [12] ). Closer to the present case is the renormalisation group improved one-loop result in QCD. In perturbative QCD the power δ of the coupling in the invariant combination g δ D µν (k) depends on the number of quark-flavours N f . Two examples are δ = 13/11 for N f = 0 and δ = 1 for N f = 3. Even though N f = 0 in Mandelstam approximation, it resembles the three flavour result at this point. However, in contrast to perturbation theory the identity Z g Z 3 = 1 (δ = 1) holds for all momentum scales µ in Mandelstam approximation.
Numerical Solution.
To take care of the analytic discussion of the solution in the infrared, we use an asymptotic series to expandF (x) for sufficiently small x,
The coefficients a mn can be determined from eq. (23):
with the matrix C mn given by
An analogous expansion in the infrared has been used by Atkinson et al. for the original Mandelstam equation [4] . With this at hand the infrared region up to a matching point x 0 is treated analytically; for higher momenta (x > x 0 ) the gluon functionF (x) is determined numerically by iteration of eq. (23). The matching point is chosen in a region around x 0 = 0.2. For this value it proves sufficient to truncate the series (27) at M = N = 6. Changing the matching point in a regime from 0.15 to 0.25 has no influence on the numerical solution. The lower limit is dictated by convergence of the iterative process the upper limit by a reasonable accuracy of the asymptotic series. The result of each iteration is rescaled appropriately in order to account for the constraint (24). The coefficient a 00 is numerically determined. For eq. (11) we obtain a 00 = 0.29446..., and for (9) its value is a 00 = 0.29421... .
The ultraviolet behaviour can be obtained analytically by expanding (23) and eventually reducing it to a differential equation. This allows us to determine the leading logarithmic behaviour of the solution in the ultraviolet,
where κ 0 = 14 and κ 1 = 70/3. The integration constant c is difficult to determine numerically because of the unknown contribution of the terms neglected and the extremely large scales necessary for the leading logarithms to dominate. We find roughly that c ≈ 1, its exact value is irrelevant, however. With
This resembles the renormalisation group improved perturbative result,
and allows for the following identifications:
• The Callan-Symanzik coefficient β 0 is given by β 0 = κ 0 /(4π) 2 , and the above value for κ 0 has to be compared to its perturbative result κ 0 = 11−(2/3)N f .
• Since we use a momentum subtraction scheme, we identify the QCD scale to be used as Λ MOM = λ.
• The anomalous dimension of the gluon field γ A (g) in perturbation theory is given by γ A (g) = γ Using the numerical solution for G, see eq. (11), the renormalisation group invariant product gG as a function of k 2 /Λ 2 MOM is shown in fig. 2 . The solution to Mandelstam's original equation (9) is almost indistinguishable on this scale.
Strong Coupling Constant.
With the solutionG(x) the running coupling α S (µ 2 ) =α S (s) with s = µ 2 /Λ 2 MOM follows for the subtraction scheme (14) from eq. (26). The result together with its analytically extracted asymptotic forms is shown in the left graph of fig. 3 . In the infrared we have,
In the ultraviolet one obtains from eq. (30) the leading logarithmic behaviour, This form resembles the two-loop perturbative result if the integration constant c is set to zero. The value of κ 1 = 70/3 compares to κ 1 = 51−(19/3)N f in perturbation theory [16] . The Callan-Symanzik β function, β(g) = µ(dg/dµ), follows readily for all positive values of the coupling. The numerical result is shown in the right graph of fig. 3 . Its limits are
An alternative way to obtain the β function follows directly from the coupling renormalisation g 0 = Z g g. Because of Z g Z 3 = 1 the gluon field renormalisation (14) is equivalent to a renormalisation condition that relates the µ-independent bare coupling to the renormalised one,
This determines the β function of the Mandelstam approximation with a momentum subtraction scheme (fixing G(µ 2 ) to a µ independent constant as in 
). Since Z g Z 3 = 1 the anomalous dimension of the gluon γ A (g) is,
From the infrared behaviour of the renormalisation group invariant product gD µν (k) we may deduce a linear rising potential between static colour sources for large distances. This allows us to relate the coefficient of the 1/k 4 term in the interaction to the string tension σ,
With the identification Λ 2 MOM = λ 2 (from the ultraviolet) and the infrared behaviour of the solution,
in the Mandelstam approximation. The string tension can be fixed from quarkonia potentials and Regge phenomenology [13, 14] . The result is a value between σ = 0.16GeV 2 and σ = 0.18GeV 2 . This has also been confirmed in lattice calculations [15] . Here, it corresponds to a range for the scale Λ MOM from 570 MeV to 600 MeV. For a momentum subtraction scheme with N f = 0 this is the correct order of magnitude. Note that Λ MOM is usually somewhat larger than Λ MS which, extrapolated to N f = 0, is Λ N f =0 MS ≈ 2Λ N f =3 MS ≈ 500MeV [16] . Thus, Λ N f =0 MOM = 600MeV is reasonable. On the other hand, for a value of α S (m 2 Z ) ≃ 0.108 and m Z = 91GeV we find Λ MOM ≃ 640MeV. This is an additional indication for the order of magnitude of the scale to be used here.
Conclusions.
In this paper we derived the infrared behaviour of the strong coupling constant from Mandelstam's approximation [3] to the gluon Dyson-Schwinger equation. This approximation results in a gluon propagator diverging like 1/k 4 for k 2 → 0. This highly infrared singular behaviour of the gluon propagator generates a linearly rising potential between static colour sources and therefore implies confinement. Since the corresponding string tension σ is a physical quantity (e.g., it may be extracted from potentials fitted to heavy quarkonia or the slope of Regge trajectories) it can be used to fix the scale in the resulting gluon self-energy. In particular, the non-perturbative solution allows to relate the string tension to the QCD scale Λ. This relation is in reasonable agreement with the phenomenological values of the respective physical constants. Note that dimensional transmutation occurs here: The coefficient λ 2 = 2σ of the infrared singular term is a dimensionful physical quantity, whereas all input is dimensionless except for the renormalisation scale µ.
We have shown that the product of the coupling and the gluon propagator, gD µν (k), does not acquire multiplicative renormalisation in Mandelstam approximation (Z g Z 3 = 1). We calculated the gluon self-energy in a renormalisation group invariant fashion. Besides the running coupling α S (µ 2 ) we obtained the non-perturbative Callan-Symanzik β function and the anomalous dimension of the gluon field for the Mandelstam approximation. In the ultraviolet the leading logarithmic decrease of the gluon renormalisation function allows to identify the scaling coefficients β 0 and γ 0 A at the fix point. The scaling coefficients we obtain are in reasonable agreement with the perturbative results. In addition, our non-perturbative results show that there is no further fix point for positive values of the coupling. The strong coupling constant increases without bound in the infrared.
